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Abstract. We give a common framework for the classification of projective 
spin irreducible representations of a Weyl group, modeled after the Springer 
correspondence for ordinary representations. 



1. Introduction 



Let $ = (y, R, , i?^) be a semisimple crystallographic K-root system (see ^ 
with Weyl group W and a choice of positive roots Assume that V is endowed 
with a W^- invariant inner product ( , ), and define the dual inner product on V'^ , 
denoted by ( , ) as well. The Weyl group is a finite subgroup of 0{V) and 
therefore, one can consider the double cover of in Pin(F), a double cover of 
0{V). A classical problem is to classify the irreducible genuine W^-rcprcscntations 
(i.e., the representations that do not factor through W). This is known case by 
case, and goes back to Schur ([H]), in the case of Sn, and was completed about 
30 years ago for the other root systems by Morris, Read, Stcmbridge and others 
(see [16l [ITl [191 [24] and the references therein). In this paper, we attempt to unify 
these classifications in a common framework, based on Springer theory ( |23l I13j ) 
for ordinary W^-rcprcscntations. Our point of view is motivated by the construction 
of the Dirac operator for graded affine Hecke algebras ([I]). 

The group W is generated by certain elements Sq, of order 4, a S i?"*", with 
relations similar to the Coxeter presentation of W (see ij2.4p . Let d & denote 
the coroot corresponding to the root a G R. The starting observation is the existence 
of a remarkable central element S C[W] (see 



this clement, rather surprisingly, behaves like an analogue of the Casimir element 
for a Lie algebra. Every irreducible W^-reprcscntation a acts by a scalar cr(i7^) on 
ri^. For example, W has one (when diml^ is even) and two (when diml/ is odd) 
distinguished irreducible representations, which we call spin modules (! j2.3p . If S is 
one such spin module, then 5(^7^) = {2p, 2/5), where p = i '^aGR+ ^■ 

Before stating the main result, we need to introduce more notation. Let g be 
the complex semisimple Lie algebra with root system $ and Cartan subalgcbra 
f) 1/^ (g)u C, and let G be the simply connected Lie group with Lie algebra 
g. Extend the inner product from to (). Let us denote by T{G) the set of 




(1.0.1) 



a>0,;3>0 
so(/3)<0 
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G-conjugacy classes of Jacobson-Morozov triples (e, h, f) in g. We set: 

7o(G) — {[(e, h, /)] e T(G) : the ccntralizer of {e, h, /} in g is a toral subalgebra}. 

(1.0.2) 

For example, if G = SL(ri,), the nilpotent elements e that occur in 7o(G) are those 
whose Jordan canonical form has all parts distinct. In general, every distinguished 
nilpotent element e (in the sense of Bala-Carter [B]) appears in 7o(G). 

For every class in T(G), we may (and will) choose a representative (e,/i, /) 
such that h G [}. For every nilpotent element e, let A{e) denote the A-group in G, 
and let A^e)^ denote the set of representations of A{e) of Springer type. For every 
(j) G A{e)Q, let cr(g 0) be the associated Springer representation (see ij'S.'I^ . Normalize 
the Springer correspondence so that Co.triv = sgn. 

There is an equivalence relation ^ on the space Wgen of genuine irreducible 
M^-representations: ct ^ ct (g) sgn; here, sgn is the sign VF-representation. 

Theorem 1.0.1. There is a surjective map 

* : VKgen ^ ro(G), (1.0.3) 

with the following properties: 

(1) If'^icr) ~ [(e, /i, /)], then we have 

a{n^) = {h,h}, (1.0.4) 

where is as in Ij 1.0.1]) . 

(2) Let {e,h,f) e 7o(G) be given. For every Springer representation <y^e.tf>)! 

4> € A(e)Q, and every spin W -module S , there exists a G ^'^"'^[(e, /i, /)] such 
that a appears with nonzero multiplicity in the tensor product cr(e.0) ® S . 
Conversely, for every a S 4'~^[(e, /i, /)], there exists a spin W-module S 
and a Springer representation ^(e,,/)), such that a is contained in cr(e,0) ^ .S*. 

(3) Ife is distinguished, then properties (1) and (2) above determine a bijection: 

^-\[e, h, f])/^ ^ {ae,0 : £ A{^)„}. (1.0.5) 

Since triv(51^) = sgn(f2j^). Theorem ILClf l) says in particular that any two 

associate genuine VF- types ai ^ a2 lie in the same fiber of ^f. This is why we need 
to quotient by ~ in (jl.O.Sp . It is natural to ask if one could reformulate (2) in the 
theorem so that a bijection like (jl.O.Sp (with certain appropriate quotients in the 
right hand side) holds for non-distinguished e G A/'o(g). This is almost always the 
case, but there are counterexamples, e.g., Remark l3.9.1l 

We should make clear that while the main result may appear close to a Springer 
type classification for W, we do not provide here a geometric construction for gen- 
uine representations of W. As we explain in ^ this classification fits in the setting 
of elliptic representation theory of W (Reeder [201) ^'^'^ ^ ■• ^"^^ '^^^ connection with 
nilpotent orbits. A different relation, between elliptic conjugacy classes in W and 
a family of nilpotent orbits ( "basic" ) is presented in a recent paper by Lusztig |14j . 

There are two directions in which one can generalize Theorem II. 0.11 Firstly, 
it is apparent that one can extend these results to the generalized Springer corre- 
spondence (jl3j). by using a Casimir element fi^^ ^ for an appropriate parameter 
function c : i?+ — >■ 1. We present the details in §3.101 the main result being Theorem 
13.10.31 which is the exact analogue of Theorem II. 0.11 



SPIN REPRESENTATIONS OF WEYL GROUPS 



3 



Secondly, an analogous correspondence should hold, even in the absence of nilpo- 
tent orbits, for non-crystallographic root systems, and more generally, for complex 
reflection groups. There, one should be able to substitute the nilpotent orbits and 
Springer representations in the right hand side of the correspondence in Theorem 
11.0. 1[ with the space of elliptic tempered modules (in the sense of [20l[T8]) for the 
corresponding graded Heckc algebra and their "lowest M^-types" . This problem will 
be considered elsewhere. 

Acknowledgements. I am grateful to the referee for useful comments and partic- 
ularly for pointing out a mistake in a previous version of section [3. 31 This research 
was supported bv msf-dms 0968065. and NSA-AMS 081022. 

2. Preliminaries 

2.1. Root systems. We fix an R-root system <E> = (F, i?, F^, i?^). This means 
that V, are finite dimensional R- vector spaces, with a perfect bilinear pairing 
( , ) : F X y ^ R, i? C \ {0}, i?"" C y \ {0} are finite subsets in bijection 

R i — > i?^, a i — > a, such that (a, d) = 2. (2.1.1) 

Moreover, the reflections 

Sa ■ V ^ V, Sa{v) = V — {v, d)a, Sa '■ — V^^ , Sq,(w') = v' — (a, v')a, a £ R, 

(2.1.2) 

leave R and i?^ invariant, respectively. Let W be the subgroup of GL{V) (respec- 
tively GL{V^)) generated by {sq : a € R}. 

Wo will assume that the root system $ is reduced, meaning that a £ R implies 
2a ^ i?, and crystallographic, meaning that (a, a') € Z for all a G R, d' G i?^. 
We also assume that R generates V. We will fix a choice of simple roots 11 C i?, 
and consequently, positive roots and positive coroots Often, we will write 

a > or a < in place of a g i?+ or a G (— i?+), respectively. 

We fix a ly- invariant inner product ( , ) on y. Denote also by ( , ) the dual 
inner product on V^. If v is a vector in V or V"^ , we denote := {v,v)^^^. 

2.2. The ClifTord algebra. A classical reference for the Clifford algebra is [4] (see 
also section II. 6 in [2]). Denote by CiV) the Clifford algebra defined by V and the 
inner product ( , ). More precisely, C{V) is the quotient of the tensor algebra of 
V by the ideal generated by 

OJ (^Oj' +0j' (S)U! + 2{uj,uj'), uj,uj'eV. 

Equivalently, C{V) is the associative algebra with unit generated by V with rela- 
tions: 

u;^ = -(w,w), iOLu' +Lo'io = -2{uj,uj'). (2.2.1) 

Let 0{V) denote the group of orthogonal transformation of V with respect to ( , ). 
This acts by algebra automorphisms on C{V), and the action of — 1 G 0{V) induces 
a grading 

C{V) = C(y)even + C(V^)odd. (2.2.2) 

Let e be the automorphism of C{V) which is -1-1 on C{V)even and —1 on C{V)oM- 
Let * be the transpose automorphism of C{V) characterized by 

w* ^ -Lu, Loe V, (abY = 6* a*, a, 6 e C{V). (2.2.3) 
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The Pin group is 

P\n{V) {a e C{V) : e(a)l/a"^ C a* = a"^}. (2.2.4) 
It sits in a short exact sequence 

1 — >Z/2Z — > P\n{V) 0{V) — ^ 1, (2.2.5) 
where the projection p is given by p(a){uj) = e{a)u!a^^ . 

2.3. The spin modules S. If dimy is even, the Clifford algebra C{V) has a 
unique (up to equivalence) complex simple module (7,5*) of C{V), of dimension 
2dimV/2^ endowed with a positive definite Hermitian form ( , )5 such that 

(7(a)s, s')s = (s, 7(a*)s')5, for aU a € C{V) and s, s' € S. (2.3.1) 

When dimV^ is odd, there are two simple inequivalent unitary modules {j-^^S^^), 
(7_, S~) of dimension 2['^™^/2l . In order to simplify the formulation of the results, 
we will often refer to any one of S, , S~ , as a spin module. When there is no 
possibility of confusion, we may also denote by S any one of or , in order to 
state results in a uniform way. 

Via (|2.2.4p . a spin module S is an irreducible unitary Pin(y) representation. It 
is well-known (e.g., section II. 6 in [2]) that as Pin(y)-representations, we have: 

. [dimy/2] 2i 

S <Si S ^ /\V, when dim V is even, S ® S ^ ^ /\ V, when dim V is odd. 

(2.3.2) 

2.4. The spin cover W. The Weyl group W acts by orthogonal transformations 
on V, so one can embed W a.s a, subgroup of 0{V). We define the group W in 
Pin(F): 

W := p"\0(y)) C P'\n{V), where p is as in (|2X5l) . (2.4.1) 

Therefore, Vl^ is a central extension of W: 

1 — >Z/2Z — >W-^W — ^ 1. (2.4.2) 

The group W has a Coxeter presentation similar to that of W. Recall that as a 
Coxeter group, W has a presentation: 

w = a e n| s2 = 1, (s„s/3)™("'« ^1, arisen), (2.4.3) 

for certain positive integers m{a,f3). Theorem 3.2 in |16| gives: 

W = (z,s„, a e n| z2 ^ - ^, (sas^)™^"'''' = 1, a ^ /? e n). (2.4.4) 
We will also need the explicit embedding of W into Pin(y). 
Theorem 2.4.1 ([121 Theorem 3.2]). The assignment 

= 2 4 

T(sa) = fa ■= a/\a\, a e n, 

extends to a group homomorphism t : W ^ P\n(V). Moreover, we have t(s^) = 
:=/3/|/3|, /or all l3 e R+ . 
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Definition 2.4.2. We call a representation a of W genuine (resp. non-genuine) 
ifa(z) = —1 (resp. (^(z) ~ 1). The non-genuine W -representations are the ones 
that factor through W . 

We say that two genuine W -types (Ti,CT2 are associate if ui = cr2® sgn. 

2.5. Via the embedding r, we can regard S if dirnl^ is even (resp. if dimV is 
odd) as unitary (genuine) ly-representations. Since R spans V , they are irreducible 
representations ([TBI Theorem 3.3]). When dim^ is odd, 5*+ and 5"^ are associate 
in the sense of Definition 12. 4. 2[ while if dim^ is even, S is self-associate. 

Let S" be a spin W^- module and {(7,U) a W^-type. From p.3.2|) . we see that 
(T (X) 5 contains a spin M^-module if and only if a appears as a constituent of /\* V. 
Moreover, it is known ([11] Theorem 5.1.4]), that if W is irreducible, then /\^V, 
<i < dhnV , forms a set of irreducible, pairwise inequivalent M^-representations. 

2.6. The Casimir element of W. The notions in this subsection are motivated 
by the results of [T] , where the element that we define here appeared naturally 
in the context of the Dirac operator for the graded affine Hecke algebra. 

Let c : i?+ M be a ly-invariant function. 



Definition 2.6.1. Denote 



^w,c^ E c(«)c(/3)|d||/3| = I J"/L cM^(/?)^c.?;3. (2.6.1) 

s»(/3)<0 (a,/3>#0 

The equality holds because the contributions in the second sum of the pairs {a, /?} 
and {sq.(^), a} cancel out, whenever Sa{P) > 0. // c = 1, we write Q.y^ for Q.^ ^. 

If Cw is the W^-conjugacy class of w G W, then there are two possibilities for 

p-\C^)(lW: 

(1) p^^[Cw) is a single W^-conjugacy class, or 

(2) p~^{Cw) splits into two conjugacy W-classes ■= {w' : w' £ C^} and 
zCw ■= {zw' : w' € Cut}- 

One sees that if u; = SqS^, then the second case holds ([HI). This implies that 
we have 

In particular, every a € W acts on D,^ scalar, which we denote ^(^2^^ ^). 

We will refer to ilj^ as the Casimir element of W. The justification for the name 
is given by Theorem ll.O.ir i). As a hint towards this result, let us recall (e.g., [TBI 
p. 562]) that 

trs(sc,S/3) = |cos(a,/3)|dim5', a,/3ei?+, (2.6.3) 
for a spin module S. This means that we have 

Si^w)^ E ('^,/3> = (2/5,2p), (2.6.4) 

Q>0,^>0 

where /9= iX^oo"- 
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3. VF- TYPES 

In this section, wc prove our main results, Theorems 11.0. II and 13.10.31 Before 
that, we recah certain elements from the theory of elliptic representations of a 
finite group. While these elements are not necessary for proving Theorems II. 0.11 
and l3.1073l they are useful for setting our result in the appropriate context. 

For a finite group F, let TZ{r) denote the representation theory ring of F, and 
let F denote the set of irreducible representations of F. 

3.1. Elliptic representations of a finite group. The reference for most of the 
results in this and the next subsection is |20) . Assume first that F is an arbitrary 
finite subgroup of GL{V). An element 7 € F is called ehiptic (or anisotropic) if 
V = 0. Let Fell denote the set of elliptic elements in F. This is closed under 
conjugation by F. Let C be the set of subgroups L C F, such that ^ 0. For 
every L e £, let Ind£ : 7^(L) 7^(F) be the induction map, and denote 

7^md(F) = ^ Ind£(7^(L)) c mr), (3.1.1) 

Lec 

^(F) =7^(F)/7^ind(F). (3.1.2) 

One calls TZ{T) the space of elliptic representations of F. 
Define a bilinear pairing, called the elliptic pairing on F: 

i 

er {cr, a' )=^{~iydimRomr{/\V(^ a, cr'), cr, cr' e 7^(F). (3.1.3) 

i>0 

Proposition 2.2.2 in [20] shows, in particular, that the radical of er is precisely 
''^ind(r), and thus er induces a nondegenerate bilinear form on TZ{T). Moreover, if 
Ceii(F) denotes the set of F-conjugacy classes in Fgn, we have 

dim^(F) = |Ceii(r)|. (3.1.4) 
Lemma 3.1.1. If a e 7e(F), then a ® /\'^'"''^ V - (-l)'^™^cr is in 7^ind(^). 
Proof. We have /\'' V ^ yydimy y ^ yydimy-i F-representations, for all < 

i < dimV. From this, it follows that eria ® /\'^'"'^ V, a') = (-l)'^™^er(cr, cr'): for 
allcr,cr'. □ 

Let 72.''^'' (F) denote the quotient of 7^(F) by the subspace generated by a (E) 
yydimVpr_ ^_2)dimV^^ jr^j, F-typcs (T. Lemma [3.1.11 implies that the natural 
(surjective) map 

7^'■"^(F) ^^(F) (3.1.5) 

is well-defined and preserves ep. 

3.2. Elliptic representations of W. We specialize to T ^ W here acting on the 
reflection representation V; [20] analyzes the relation between Tl{W) and Springer 
representations . 

Let be the complex Lie algebra determined by the root system $, and let G be 
the simply connected connected Lie group with Lie algebra g. For every a; S g, let 
Za{x) denote the centralizer of x in G, and let Zc{x)'^ be the identity component. 
Define the A-group of a; in G to be the quotient 

A{x) = ZG{x)/ZG{xfZ{G), (3.2.1) 
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where Z{G) is the center of G. 

SpeciaUze to the case when x S J^io), the set of nilpotent elements of g. By 
the Jacobson-Morozov theorem, there exists a Lie algebra homomorphism k : 

sl{2,C) — > such that «^ o) ~ ^' ^'^^ ^ ^'^^ semisimple part of the 

Lie algebra of a maximal torus in Zg{k{sI{2,C)). As explained in §3.2 of [20], the 
group A(e) acts naturally on Sq, i.e., ^(e) C GL(so), and therefore we may define 
TZ{A{e)) with respect to this action. 

Definition 3.2.1. An element e S A/'(g) is called distinguished if Zcie) contains 
no nontrivial torus. An element e e A/'(0) is called quasi- distinguished if there exists 
a semisimple element t € Zcie) such that tcxp(e) centralizes no nontrivial torus 
in G. In particular, every distinguished e is quasi- distinguished with t = 1. 

Corollary 3.2.3 in [20] shows that Tl{A{e)) ^ if and only if e is quasi-distinguished 
in 0. 

From Springer theory, recall Be, the variety of Borel subalgebras of g containing 
e. Let de denote the complex dimension of Be- Since Zcie) acts on Be, we get 
an action of A{e) on the cohomology H*{Be)- Let A(e)Q be the set of irreducible 
A(e)-representations that appear in this action, and let TZi^{A{e)) be the subspace 

of TZ{A{e)) spanned by ^(e)g. 

The Springer correspondence constructs an action of W on H'{Be) which com- 
mutes with the action of A(e), and gives a map: 

G\{(e, (/)) : e e N{q), <P G M^),} W, (e, 0) ^ := Hom^(,) H^"' [Be)], 

(3.2.2) 

which is well-defined and bijective. 
For every 4> € A(e)g, set 

He[c^) := Hom^(,)[0,i/*(6e)], (3.2.3) 

and regard it as an element of Ti{W). Let TZe{W) be the span in TZ{W) of He{(f>), 
4> G ^(e)g. The space {He{4>) : e,(j)} is basis of TZ{W), and therefore, we have 
a decomposition TZ{W) = X]e^e(W^), which induces a decomposition TZ{W) = 

Ee^e(W^). 

Theorem 3.2.2 ([20]). The map He : 7?.o(A(e)) — > TZe{W) induces a vector space 
isomorphism He : Tio{A{e)) TZe{W). Moreover, we have: 

(1) T/ie isomorphism He is an isometry with respect to the elliptic pairings ew 
and eA{e); 

(2) The spaces TZo{A{e)) and TZe(W) are nonzero if and only if e is quasi- 
distinguished; 

(3) If e is distinguished, then {He{4>) '■ 4> G ^(c)q} is an orthonormal basis of 
TZe(W) with respect to ew- 

3.3. Elliptic representations of W. We specialize now to F = acting also 
on the (nongcnuinc) reflection representation V. Let TZgen{W) denote the subspace 

of TZ{W) spanned by Wgen, the irreducible genuine W^- types. Every nongenuine 
M^-type is a pullback of a M^-type, so we may regard TZ{W) naturally as a subspace 
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of TZ{W). Clearly, we have 



67^(5?, ct') = 0, if e 7^ge^(M^), a' en{W), 



(3.3.1) 



therefore we have an orthogonal decomposition TZ{W) — TZgen{W) © TZ{W). As 
before, define TZ{W) to be the quotient by the radical of e^, and let TZgen{W) be the 
image of 7?.gen(W^) in TZ{W). Consequently, there is an orthogonal decomposition 



From ((XO)) . we have diuiTZgeniW) = |Ceii(l^)| - |Ceii(W^)|. Recah the projection 
p : W W from p.2.5p . Since F is a nongenuine representation of W^, an element 
w G W is elliptic if and only if p{w) G W is elliptic. Recall that if C is a 
conjugacy class, then p~^{Cw) is a single conjugacy class in W or it splits into two 
conjugacy classes in W. Let C"{W) denote the set of conjugacy classes of W which 
split in W and set C°||(P^) = C"{W) n Ceii(VK). Then we have 



The dimension of the second space is as follows, see [5], [101 §3-1]: 
An-i ■■ 1, 

Br, : the number of partitions of n, 

. . . (3.3.4) 

Dn : the number of partitions of n with even number of parts, 

G2 : 3, F4 : 9, Ee : 5, Ej: 12, Eg : 30. 

Since a{z) = — 1 for every genuine M^-type a, it is clear that if ^ C°(VK), then 
trg;('£') = 0, for all w e p^^{Cw) and all genuine W-typcs a. 

Lemma 3.3.1. Let S be a spin module for W . 

(1) If dim V is even, then tTs{w) ^ Q if and only i/detv(l + p{w)) 7^ 0. 

(2) If dimV is odd, thenti~s{w) 7^ i/dety(l— p(w)) 7^ (i.e., if w is elliptic). 
In particular, C'^^^{W) = Ceii(Vl^) in this case. 

Proof. If dimy is even, and S is the spin module, we see by (|2.3.2[) that tr5('£')^ = 
tr/x* v{p{w)) ~ detv(H-p(u))), and this proves (1). If dimF is odd, and ,S~ are 
the two spin modules, (PX^ implies that trs+.g- {wf = 2©fl"J^(-l)^ tT:i^iy{p{w)) = 
dety (1 —p{w)). Since S'^ and S~ are associate, tr5+_5- {w) ^ implies tr5± [w) ^ 
0, and this proves (2). □ 

Remark 3.3.2. In type An-i, there is a single elliptic conjugacy class, consisting 
of the n-cycles in Sn, and it is easy to check directly that it splits in Sn- Theorem 4-1 
and Lemma 6.4 in [19| for Bn and Z?„ respectively, and sections 6-9 in |17] for the 
exceptional groups, show that if dim V is even, the split elliptic conjugacy classes 
are precisely the ones on which S does not vanish. In terms of the classification 
of elliptic elements of W from Carter [5], when dimV^ is even, the set C^^^(W) 7^ 
Ceii(W^) is explicitly as follows: 

(1) in type B2n, the elliptic conjugacy classes corresponding to partitions of 2n 
with only even parts; 

(2) in type D2n, the elliptic conjugacy classes corresponding to partitions of2n 
with only even parts, or partitions with only odd parts and multiplicity one; 



TZ{W) =ngen{W)®TZ{W). 



(3.3.2) 



dim7^gen(I^) = \C%{W)\ < \Ceii{W)\ = dimTZ{W). 



(3.3.3) 
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(3) inG2: {^2,%}; 

(4) inFi: {A2 + A2,Di{ai),Bi,Fi,Fi{ai)}; 

(5) inE^: {3^2, -Eg, £^6(ai), -^6(03)}; 

(6) in Es: {As, 2A4, 4^2, L»8(ai), £'8(02), 2Di{ai), Ee{a2) + A2, -Eg + A2, -Eg, 
-Es (oi ) , -Es (02 ) , -Eb (03 ) , -Es (04 ) , -Es (as ) , (ae ) , -Es (a? ) , (as ) } • 

Let S denote a spin VF-niodule. One can consider the linear map: 

15 : 'R-{W) — > 7egen(w7), ls{<t) ^a®S. (3.3.5) 

Since the genuine W-types are determined by their values on p~'^{C^{W)), the 
map is is surjective if and only if trs does not vanish on any conjugacy class in 
p-'^{C°{W)). Using Lemma [3X1] and [HIlT] again, we see that: 

Lemma 3.3.3. The map is is surjective if and only if W is of type B„, D„, G2, 
F4, or Es- 

Since TZ\nd{W) (resp. 7^gen,ind(VF)) can be identified with the vector subspace of 
virtual characters that vanish on Well (resp. Weii), we have 

i^s{n-uw)) cn^euMw), (3.3.6) 

and so is gives a linear map 

Ts:niW)~^TZsen(W). (3.3.7) 
Proposition 3.3.4. The map Is is surjective. 

Proof. By Lemma l3.3.31 this is true when W is of type _B„, E)„, G2, F4, Eg, since is 
is surjective. The conclusion is implied if tis is nonzero on every conjugacy class 
in p~^(Cg||(iy)); this turns out to be the case for every irreducible W, by Lemma 
[3X1] and Remark [3X2] □ 

Corollary 3.3.5. The map Is is an isomorphism if and only if dim V is odd or W 

is of type A. 

Proof. This is immediate from Proposition l3.3.^ bv comparing the dimension of the 
two spaces as in p. 3. 31) and Lemma [3.3. II □ 

3.4. Applying p.l.Sp to this setting, we get a surjective linear map Tl''^^^{W) ^• 
Ti-geniW) which preserves the elliptic pairing. Thus we have constructed two maps: 

n{W) ^ %eniW) ^ U'^^^iW). (3.4.1) 

Via 

^ :7^gen(W^)^7^ge„(W^), 5 ^ 5 ® sgp + (- 1)'*™ ^a, (3.4.2) 

we may identify Tl''^^^{W) with the image of i.e., with the subspace of TZgen{W) 

spanned by {a(E)Sgn + (— l)*^'™^'? 7^ : ? g M^/^} (here we think of W/r^ as a sys- 
tem of representatives for the symmetry classes). This shows that dimTZg^„{W) = 

\W/^\ when dim]/ is even, and — |{ct €; W : a ^ sgn = cr}| when dimV^ is 
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odd. From [171 [TH [21] , we see that the dimension of equals: 
An^i : the number of partitions of n into distinct parts, 
Bn : the number of partitions of n, 

Dn : the number of equivalence classes of partitions of n under transposition, 
G2 : 3, Fi-. 9, Ee : 6, E7 : 13, Eg : 30. 

_ (3.4.3) 

In addition, in types i?2n+i, £'2n+i, E7, there are no self-associate W-types. In type 
^2n-ij the number of self-associate S'2n-types equals the number of partitions of 
odd length of 2n into distinct parts. Comparing (|3.4.3p with p.3.4p , we see that if 
W is of type Bn, G2, F4, or Es, then we have dimTl{W) = dhjin'^^„{W) . (If the 
type is B2n+i, then the maps in p.4.H) are both isomorphisms.) 

Remark 3.4.1. One can ask if there is a natural linear map TZ{W) '^gen(^); 
having good properties with respect to the elliptic pairing. When dim V is odd, it 
is easy to check that such a map is a ^ ® (S'^ — S~), and that this map is 

an injective metric with respect to the elliptic pairing on TZ{W) and the standard 
pairing on TZgeniW). When dhnV is even, a similar construction exists, but instead 
of W , one needs to consider Weven = {w G W : sgn{w) = 1}. This fits naturally 
with the theory of the Dirac index for graded Hecke algebras and it is considered in 

m- _ 

3.5. The classification of IF-types. The rest of the section is dedicated to the 
proof of Theorem II. 0.11 

By the Jacobson-Morozov theorem, we know that there is a one-to-one correspon- 
dence between G-orbits of nilpotent elements in g, and the set T(G) of G-conjugacy 
classes of Lie triples in g: 

(e, h, f) : [h, e] = 2e, [h, f] = -2/, [e, /] = h. (3.5.1) 

Definition 3.5.1. Let Mq{q) denote the set of all nilpotent elements e whose cen- 
tralizer in q is a solvable subalgebra. Let'To{G) denote the set of G-conjugacy classes 
of triples (e, h, f) such that e G Mi^{q). 

This definition of 7o(G) agrees with the one from the introduction by Proposition 
2.4 in |3]. Every quasi-distinguished nilpotent element is in Mq{q), but in types 
A, D, Ee, not all e € A/'o(fl) are quasi-distinguished in the sense of Definition 13.2.11 
For example, in sl{n), the only quasi-distinguished nilpotent orbit is the regular 
orbit, but No{q) contains every orbit whose Jordan form has all blocks of distinct 
sizes. 

3.6. Type A. We begin the proof of Theorem 1 1.0. II This is a case-by-case ver- 
ification, combinatorially for classical root systems, and a direct computation for 
exceptional. 

The starting point is type An-i, Wn = Sn- Let P{n) be the set of all partitions 
of n, and let DP{n) be the set of distinct partitions. If A = (Ai, A2, . . . , Am) is a 
partition of n, written in decreasing order, we denote the length of A by £{X) = m. 
We say that A is even (resp. odd) if n — ^(A) is even (resp. odd). 

It is well-known that every partition A parameterizes a unique S'„-type a\, and 
this gives a one-to-one correspondence between P{n) and Sn- The first part of 
Theorem 1 1 . . 1 1 for Sn is a classical result of Schur. 
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Theorem 3.6.1 (|21j). There exists a one-to-one correspondence 

For every even A e DP{n), there exists a unique a\ e Sn, and for every odd 
A G DP{n), there exist two associate <E Sn- The dimension of ax ora^ is 

Xi - Xj 



n 



Ai!...A„J ^^-^-^^ Xi + Xj 

l<i<J<m ■' 

Notice that DP{n) precisely parameterizes the set of quasi-distinguished orbits 
in type An-i (the only local systems of Springer type are the trivial ones here). 

In order to simplify the formulas below, we write ax '■= cr^ ffi cr^, if A is an odd 
partition in DP{n). 

The decomposition of the tensor product of an ^n-type (7^ with the spin repre- 
sentation S = CT(„) is well-known (see [24l §9.3] for example). If A 7^ (n) (this case 
has been covered by ^J23] already) , we have: 

dimHom^ [o-AjCTp (Xi = 2 2 g^^^^ (3.6.2) 

where ea = 1 (rcsp. ex = V^) if A is even (resp. odd), and gx,ij, are certain Kostka 
type numbers ( |241 §9.3]). In particular, 5a a 7^ 0, and this proves (2) in Theorem 

In order to verify claim (1) of Theorem 1 1.0. 11 we need a formula for the character 
of ax on the conjugacy class represented by the cycle (123) in Sn- This may be 
well-known, but I could not find a reference, so I include a combinatorial proof. 

Lemma 3.6.2. If X ~ (Ai, . . . , Am) is a partition in DP{n), n > 3, then we have 
. | trg,((123)) _J^ A.(Af-l) (n\ 

where C"j^23) denotes the conjugacy class of the cycle (123) in Sn- 

Proof. The proof is by induction on n. One can immediately verify this for n = 3, 
and let us assume it holds for 71 — 1. By restriction to S'„_i, one has 

m 
i=l 

where A* = (Ai, . . . , Ai — 1, . . . , Am)- One discards A' if it is not in DP{n — l). Using 
the induction hypothesis, and the ratios |C^^23) 1/1^(^23) I ~ dimcTA* / dimcTA — 

^ Ylj^i (a'-a^ka +a'^-i) ' elementary calculation leads to the following curious 
identity that we need to verify: 

A similar identity arises when one proves Schur's dimension formula by induction 
( [121 Proposition 10.4]). We consider the function 

\ /2 (x- A, - l)(a- + A,) 

/(.) = {X -X) \[ (^_;,^)(,^;,^_,) . (3.6.5) 
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which has the expansion 

where Ai = —2XiY\ , i^'~^^7^?^!'l^'^^l ■ Notice that the coefficient of in the 

^'■Jt^^ l-^i — — J-J _____ 

Laurent expansion of the right hand side of p.6.6p is precisely (—2) times the left 
hand side of (|3.6.4p . Then one verifies p.6.4|) easily, by computing the coefficient 
of in the Laurent expansion of p.6.5p . □ 

Using the formula in Lemma 13.6. 2[ we immediately check that ) = 

Sr=i ^'^^3 — ~- Here, for simplicity, we assumed that the roots of type An-i are the 
standard ones. A middle element h oi a Lie triple for the nilpotent orbit indexed by 
the partition A is, in coordinates, (— (Ai — 1), ... , (Ai — 1), ... , — (A,„ — 1), ... , (A^ — 1)), 
and now claim (1) in Theorem 1 1.0. II is established. 

3.7. Types B, C. The nilpotent orbits in sp{2n) and so(m) are parameterized (via 
an analogue of the Jordan canonical form) by partitions of 2n (resp. m), where the 
odd (resp. even) parts occur with even multiplicity. Such an orbit is in Afo{sp{2n)) 
(resp. Ao (so(m)) if and only if the associated partition has only even (resp. odd) 
parts, and all parts have multiplicity at most 2. 

Let Wn denote the Weyl group of type Bn/Cn- The group W„ is a semidirect 
product Wn = X (Z/2Z)", and therefore, as it is well-known, its representations 
are obtained by Mackey theory. More precisely, let Xk = (triv K • • • S triv)"^'^ Kl 
(sgn Kl • • • Kl sgn)'^ be a character of (Z/2Z)", and let Sn-k x Sk be the isotropy 
group of Xk in Sn- For every partitions A of rt — fc and /x of k, one constructs an 
irreducible Wn representation cr(A./^) StS 

(7(A,^) = lnd^-_^^s^^^^/^^.^J<JxM cTf^M Xk)- (3.7.1) 
This gives a bijection 

Wn ^ BP{n), o (A,/i), (3.7.2) 

where BPin) is the set of bipartitions of n. In particular, in this notation, if 
A G P{n), the representation cr^jj^ j) is obtained from the S'„-type a\, by letting the 
simple reflections of Wn not in Sn act by the identity. 

Let Wn denote the spin cover of Wn- The genuine representations of Wn were 
classified by [TH], starting with the classification for S'„-types. 

Theorem 3.7.1 ( |19[ Theorem 5.1]). There is a one-to-one correspondence 

{Wn)^J^ ^ P{n). 
For every A G P{n), there exist: 

(1) one irreducible Wn-type a\ ~ o'(a.0) ® S, if n is even; 

(2) two associate Wn-types = cr(A,0) ^ S^, if n is odd. 

This realization is very convenient for computing the character of ax (and simi- 
larly crj). Using the character of S and the characters of type An-i, we immediately 
see that: 



dimS^A ifa,/3formani?./C.- ^'-'-'^ 
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The relevant formulas for tr a\ in Sn go back to Frobenius. In the form that we 
need, they are: 



,tr,,((123)) (n\ ,tiv,((12)) 



l^fr.3)li^ -.2(A) - ^^J, -PiW, (3.7.4) 

where Pfc(A) is the sum of k powers of the content of A. 

The formula for a\{Q,^) becomes very explicit. Assume for simplicity of notation 
that we take the standard Bourbaki coordinates for roots for type B and C. Set 

e = l, if$ = S„, e=i if$ = C„. (3.7.5) 

Then, we have 

ax{n^)=^P2{\ + t), (3.7.6) 

where P2(A + e) denotes the sum of squares of the e-content of A, i.e., the content 
of the (i, j)-box is j — i + e. 

The set of all contents of A + e (with repetitions) represents the coordinates of 
one half of the middle element of a nilpotent orbit O^.c in so{2n + 1) (if e = 1), 
respectively sp{2n) (if e = 1/2). Moreover, the nilpotent orbit lies in fact in Ao(fl). 
(See in §4.4] for the combinatorics needed to verify this claim.) 

The following algorithm (due to Slooten) attaches to each partition A with con- 
tent A+e a set of bipartitions. All the Wn-tyj>cs parameterized by these bipartitions 
arc Springer representations for the nilpotent orbit O^.e. This can be seen by com- 
paring Slooten's algorithm with Lusztig's algorithm with S-symbols for the Springer 
correspondence ([9l §4.4]). Moreover, the relation between this algorithm and the 
elliptic representation theory of W (via the elliptic representation theory of the 
graded afRne Hecke algebra attached to $) is part of [8]. 

Algorithm ([22]). Start with an empty bipartition (/x,/i'), = 0, /z' = 0. Locate 
the largest content in absolute value in A H- e. This could appear in the last box of 
the first row or the last box of the first column. Assume first that these two entries 
are distinct. If the largest content is in the first row, remove the row from A and 
put its length in fi. If the largest content is in the first column, remove the column 
from A and put its length in fi' . Continue with the remaining (smaller) partition. 

If at this step there was an ambiguity, namely the largest entry in absolute value 
appeared twice, start two cases, and proceed in each one of them separately as 
above. 

If at the last step, we are left with a single box, treat it as a row if its content is 
nonnegative, and as a column if its content is negative. 

It is apparent that the number of W^-types that the algorithm returns is always 
a power of 2. Moreover, it is known that the algorithm returns a unique W„-type 
if and only if the associated nilpotent orbit is distinguished. 

Let cr(^,^') be one of the W„-types returned by the algorithm. It remains to 
check that the multiplicity of ax in cr(^,^') (S) S is nonzero (claim (2) of Theorem 
[Tin]) . We have: 

• 

Hom^:j^[aA,o-(^^^/)(g)5] = Hom^:5^[cr(A,0)«i5, CT(^^^,)®S'] = Romw[/\V, a(^x,fi)®cr(M,t,')]- 

(3.7.7) 
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In bipartition notation, we have /\ V ^ <^((n~k),(i''))- We claim that f\ V, where 
k = occurs in cr(^x,(ti) ® ^^^s, notice that p.7.ip imphes: 

c^(A,0) «) cr((„_fc),(ifc)) = CT(Aj) «) Ind^"_^^_5^^(2/2Z)"(triv ^ sgn K (triv""''' K sgn'')) 

= Ind^"_,xS.x(z/2Z)"K|s„_.x5. ® (trivHsgn) K (triv"-^' H sgi 

From the construction of fi (using the rows of A) and fi' (using the columns of A), 
and the induction/restriction rules in 5„, we have: 

where /x'* denotes the transpose partition of /.('. Since a^n = tr^/ (g) sgn, as Sk- 
representations, the claim follows by applying p.7.ip again. 

3.8. Type!?. Let W^(Z?„) denote the Weyl group of type _D„. This is a subgroup of 
Wn of index 2. An irreducible VF„-representation cr(A,;^) restricts to a representation 
of W{Dn) which is: 

• irreducible if A 7^ /i; 

• a sum of two inequivalent irreducible W^(I?„)-types if A = /i. 

Moreover, cr(A,p) and C(;i,A): 7^ A*^ restrict to the same M^(Z)„)-representation. 
In our case, the only VF(Z)„)-types that we consider are those associated via 
Springer's correspondence with nilpotent orbits in Afo{Dn). In the Jordan form 
partition notation ([6]), these are the orbits indexed by partitions of 2n where all 
parts are odd and appear with multiplicity at most 2. It turns out that for every 
Springer representation attached to one of these orbits, the bipartition (A, /x) has 
the property that \ ^ ijl. 

The classification of W{Dn)^^„ is obtained from Theorem 13.7.11 We define the 
equivalence relation on P(n): A ~ A*. This is the combinatorial equivalent of the 
relation ~ on 5'„: ox ^ ax® sgn = cta*. 

Theorem 3.8.1 ( |19| §7,8]). There is a one-to-one correspondence 

More precisely, recall the irreducible representations ax of Sn and ax of Wn ■ We 
have: 

(1) If n is odd, every irreducible genuine Wn-representations ax restricts to an 
irreducible W{Dn) -representation, and this gives a complete set of inequiv- 
alent irreducible genuine W{Dn) -representations. Moreover, ax and ax* 
are associate as W{Dn) -representations. 

(2) If n is even, and if X ~ , then ax restricts to a sum of two associate irre- 
ducible W{Dn)-type; if X^ A*, then ax restricts to an irreducible VF(£)„)- 
representation. 

The analysis of the map is now completely analogous to the cases Bn/Cn- 
The same formulas and algorithm hold with the convention that e = 0. 
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3.9. Exceptional root systems. The character tables for exceptional W are m 
[17] . We reorganize them here so that the claims in Theorem II. 0.11 follow. The 
notation for W^-types is borrowed from [TTj. We put a * next to W-type to in- 
dicated that it has an associate M^-type. We use Carter's notation for W-types 
and nilpotent orbits ([6]). In each table, we give the correspondences (1), (2) in 
Theorem 1 1 . . 1 1 between genuine VF- types, nilpotent orbits, and Springer represen- 
tations attached to nilpotent orbits. We also give the traces of the characters of 
the genuine W^-types on elements of the form SqS^, where a, (3 form an A2, B2, or 
G2. Using these traces and the sizes of the corresponding conjugacy classes (which 
arc listed in [S]), we computed cr(f2j^) and verified assertion (1) in Thcorcm ll.O.ll 
For tensor product decompositions, we used the package chevie in the computer 
algebra system GAP. 



Table 1. G2 



Nilpotent e e A/q 


o-e,0 e W 






tMG2) 


G2 


(1,0) 


2s 


1 




G2(ai) 


(2,1) 




-2 







(1,3)' 


2 

^ss 


1 


-V3 



Table 2. F4 



Nilpotent e S Wo 


cre.0 e W 






tr5(Ai) 


trff(B2) 




(1,0) 


4s 


2 


2 


2V2 




(4,1) 


12s 








2V2 




(2,4)" 


^SSS 


4 


-2 





^4(02) 


(9,2) 


24s 













(2,4)' 




-2 


4 





^4(03) 


(12,4) 










-2V2 




(9,6)' 




-2 


-2 







(6,6)" 


8s 


-2 


-2 







(1,12)' 


4ss 


2 


2 


-2V2 



Remark 3.9.1. In Eq, there is a nilpotent orbit 1)4(01) C Afo^Es), such that 
A{e) = S'3. There are three Springer representations attached to D^^ai): erg. (3), 
"■6,(21); a^ ^iiiy Since the rank is even, there is a single spin module S. The fiber 
\I'~^(e) contains three W -types ui, cr2, c^a of dimensions 40, 20, 20, respectively. 
Moreover, (72 and (73 are associate. We compute that in the decomposition ai ® S 
occur all three (Je.(3), o'g (-2i), and cre,(iii), while in the decomposition of ^2 ® S 
(equivalently a^® S) only dp (21) occurs among the three Springer representations. 

3.10. The generalized Springer correspondence. The references for the con- 
struction of the generalized Springer correspondence, and for the results we need 
to use are [T31 [H] . 
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Table 3. Eq 



Nilpotcnt e e Wo 


(Te,4, e W 




115(^2) 


Ee 


(1,0) 


8s 


4 


Ee{ai) 


(6,1) 


40s 


8 


^6 (as) 


(30,3) 


120s 







(15,5) 


72s 





D5 


(20,2) 


60s* 


6 




(64,4) 


80s* 


-2 


A4 + A1 


(60,5) 


64s* 


-4 




(80, 7), (90, 8), (20, 10) 


40ss 


-4 




(90,8) 


20s* 


-2 



Table 4. 



Nilpotcnt e e Wo 




a e Wgeu 


trff(A2) 


Et 


(1,0) 


8s* 


4 


Ej{ai) 


(7,1) 


48s* 


12 


^7(02) 


(27,2) 


168s* 


24 


^7(03) 


(56,3) 


280s* 


20 




(21,6) 


112,* 


8 


^7(04) 


(189,5) 


720s* 







(15,7) 


120s* 





^7(05) 


(315,7) 


448s* 


-4 




(280,9) 


560s* 


-20 




(35, 13) 


112ss* 


-16 


^6(01) 


(120, 4), (105, 5) 


512s* 


16 




(512, 11), (512, 12) 


64s* 


-4 




(512, 11), (512, 12) 


64ss* 


-4 



Let G be a simply connected complex simple group, with a fixed Borel subgroup 
B, and maximal torus H C B. The Lie algebras will be denoted by the correspond- 
ing Gothic letter. Fix a nondegenerate G-invariant symmetric bilinear form ( , ) 
on g. Denote also by ( , ) the dual form on g*. 

Definition 3.10.1. A cuspidal triple for G is a triple {L,C,C), where L is a Levi 
subgroup of G, C is a nilpotent L— orbit on the Lie algebra [, and C is an irreducible 
G— equivariant local system on C which is cuspidal in the sense of |13[ 115] . 

Let us fix a cuspidal triple {L,C,C), such that H C L, and P = LU Z) B \s 
a parabolic subgroup. Let T <Z L denote the identity component of the center of 
L, with Lie algebra t. Write an orthogonal decomposition with respect to ( , ), 
f) = I + a; here a is a Cartan subalgcbra for the semisimple part of [. Let 

pic : t) ^ t (3.10.1) 

denote the corresponding projection onto t. 

Following [m §2], we attach to (L,C,£) an R-root system $ = (V, i?, V^, i?^) 
and a M^-invariant function c : — >■ Z. Let i? C t* be the reduced part of the 
root system given by the nonzero weights of ad(t) on g; it can be identified with 
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Table 5. Eg 



Nilpotcnt e G Wo 




gen 


tr5(A2) 


Es 


(1,0) 


16s 


8 


Es(ai) 

O \ J- / 


(8,1) 


112s 


32 




(35,2) 


448ss 


80 


EJa-i) 


fll2 3) 


1344,,,, 


168 




f28 8) 


320s 


40 




('210 4^ 


9016 


144 




(160, 7) 


1680s 


120 




(700, 6) 


5600,,, 


160 




(300,8) 


2800s 


80 


EfiiaR) 


(1400, 8) 


6480s 







(1575, 10) 


9072s 







(350, 14) 


2592s 





Eiliav) 


(4480, 16) 


896s 


-72 




(5670, 18) 


2016cc« 

^yj ggg 


-72 




(4536, 18) 


2016,, 


-48 




(1680,22) 


1344s 


-40 




(1400,20) 


1120s 


-32 




(70,32) 


224s 


-8 


Esibi) 


(560,5) 


5600ss 


280 




(50,8) 


800s 


40 




(1400,7) 


6720s 


128 




(1008,9) 


7168s 


120 




(56,19) 


448s 


8 


Eaih) 


(2240, 10) 


8400s 


-120 




(840, 13) 


5600s 


-80 




(175,12) 


2800ss 


-40 


D5 + A2 


(4536, 13), (840, 13) 


4800s 


-120 


Djiai) 


(3240, 9), (1050, 10) 


11200s 


-40 


Dj{a2) 


(4200, 12), (3360, 13) 


7168ss 


-160 


EQ{ai)+Ai 


(4096, 11), (4096, 12) 


8192s 


-128 



the root system of the reductive part of Zg{x), where x £ C. Let V be the M-span 
of R in i* . The Weyl group is 

= Arc,(L)/L. (3.10.2) 

This is a Coxeter group due to the particular form L must have to allow a cuspidal 
local system. 

Let i?+ is the subset of R for which the corresponding weight space lives in u. 
The simple roots H = {ai : i € 1} correspond to the Levi subgroups Li containing 
L maximally: ai is the unique element in R~^ which is trivial on the center of U. 
For every simple ai, c(ai) > 2 is defined to be the smallest integer such that 

ad(a;)'=("')-i : I, n u [; n u is zero. (3.10.3) 

This is a M^-invariant function on 11 and we extend it to R^ . 
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The exphcit classification of cuspidal triples (when G is simple) , along with the 
corresponding values for the parameters c(a) can be found in the tables of |151 
§2.13]. 

Define ~ {x £ i : a{x) = 0, for all a e i?}, and let t' be the orthogonal 
complement of in t. For every a £ R, define a e i to be the unique element of 
i' such that a{a) = 2. Let i?^ denote the set of all a, and let 1/^ be the M-span of 
i?^ in t'. 

Consider the variety 

g^{{x,gP)eQxG/P: Ad{g-^)x e C + t + u}, (3.10.4) 

on which G x acts via {gi, A): x i-^ X~^Ad{gi)x, x £ g, and gP h- > gigP, g G G. 
Let prj^ and prj be the projections of g on the two factors. For every nilpotcnt 
element e G 0, let Ve denote the preimagc of {e} in q under prj^ . Via prj, we may 
make the identification: 

Ve^{gP: Adig-')eeC + u}. 

Let C denote the pull-back of the local system £ on C under the G x C^- 
equivariant projection g — C, {x,gP) Ad(g^^)a;. 

Let 7ri(e) = ZQ{e) / Zc{ef be the fundamental group of G • e. The hypercoho- 
mology with compact support H'{Ve,C) carries a ni{e) x W action ([13], see also 
[15]). Let A{e)i2 denote the set of irreducible representations of 7ri(e) which appear 
in this way. Moreover, for (f> G A(e)^ we have: 

:=Hom,^(,)[0,i/f'^™^=(7'e,/:)] (3.10.5) 

is an irreducible 14^— representation. The correspondence Li^^Q\j^(^g^A{e)^ — > W, 
{e,4>) — )■ cr(e,0) is the generalized Springer correspondence of [13], and it is a bijec- 
tion. We normalize it so that o-(e_0) = sgn, when e G G • C (there is single that 
appears in that case). 

Definition 3.10.2. DenoteTo{G,C) ^ {[{e,h, J)] : A(^)c 0}- 
Theorem 3.10.3. There is a surjective map 

W^gen ^ To (G,C), (3.10.6) 

(To{G,C) is as in Definition \3.10. Ij) with the following properties: 

(1) If^{d)^[{e,hJ)], then 

?(17^_J = (prc(/i),prc(/i)). (3.10.7) 

where ^ is as in 112.6.1]} and pr^ is as in iS.lO.l]) : 

(2) Let (e,h,f) G 7o(G,C) be given. For every Springer representation (^{ctp): 
4> G A{e)^, and every spin W -module S , there exists a G ^'^^[(e, /i, /)] such 
that a appears with nonzero multiplicity in the tensor product <y{e.<p) ® S . 
Conversely, for every a G \D'~^[(e, /i, /)], there exists a spin W -module S 
and a Springer representation o'(^e,<p), such that a is contained in cT{e,4,) ® S. 

(3) If e is distinguished, then properties (1) and (2) above determine a bijection: 

^-\[e, h, f])/^ ^ {ae,0 : </) G i(^)c}. (3.10.8) 
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Proof. Again the proof amounts to verifying the assertions in every case. The 
interesting cases are when R is of type Bn/Cn, G2, or F4. 

For type G2 , the cuspidal local system appears for the Levi subgroup L = 2A2 in 
G = Eq. Assuming that the simple roots of R of type G2 arc a, /3 with a long and 
/? short, the parameter function is c{a) — 1, c(/3) = 3. To give an explicit formula 

for n^^., 

we have 
1 



let's normalize a, jS such that such that (a, a) — 2 and = 6. Then 



-3c(/3)2) +4V3c(a)c(^) 



tTa{G2\ 

dim? 



+ (c(a)2 + 3c(/3)2) 



tr5(A2), 



dim a 
(3.10.9) 

recall that the notation for conjugacy classes is as in j5]. Then one can verify easily 
part (1) of Theorem [31031 

For type F4, the cuspidal local system appears for the Levi subgroup L = (3/li)' 
in G = -By. Assuming that the simple roots of R of type are a, {3 with a short 
and P long, the parameter function is c(a) = 2, c(/3) = 1. We normalize a,/3 so 
that (djCk) = 2 and (/3,/3) = 1. Then we have: 



i^(^H?,c) 



3(2c(a)2+c(/3)^)+16c(a)' 



trg(A2) 
dim? 



MP) 



•Ma{A2 



-18y2c(a)c(/3) 



trs(B2 



dimcr 
(3.10.10) 

The correspondence from Theorem 13 . 1 . 31 for G2 and F4 is listed in Tables [6] and 
[T] The explicit values of prg(/i) in coordinates, for these cases, can be found in [71 
Tables 1 and 2]. 



Table 6. 2A2 in £'«, = G2 



Nilpotent e e A/o.c 


cre,0 e 






(1,0) 


2. 


£5(01) 


(1,3)' 




£5(03) 


(2,1) 


2 



Table 7. (3Ai)' in £'7, = F4. 



Nilpotent e S A/q.c 




cr e l^gen 


£7 


(1,0) 


4. 


Er{ai) 


(2,4)" 




Er{a2) 


(4,1) 


12s 


Ejias) 


(8,3)' 


24, 




(1,12)' 


4s. 


Ej{a4) 


(2,4)' 


^SSSS 




(4,7)' 


12s. 


£7(05) 


(12,4) 






(6,6)" 


8s 



For types Bn and Cn , the combinatorics is similar to that in the proof of Theorem 
II. 0.11 More precisely, assume the notation from Theorem 13.7.11 and the discussion 
following it. Assume also that the roots of type Bn and Cn are in the standard 
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Bourbaki coordinates. For a partition A of n, viewed as a left justified Young 
tableau, define the content of the box with parameters ci,C2 to be the number 
mc{i,j) := ci{i—j) + C2. Let us denote by p2(A, ci, C2) the sum of squares of contents 
of boxes for A and parameters ci, C2. The same computation as after Theorem 13 .7. II 
shows that 

^^(^vy,c) = 4p2(A, c(ei - e2),c(e„)), for type B„, 

1 (3.10.11) 
^>^i^w,c) = 4p2(A, c(ei - £2), -c(2e„)), for type C„. 

Notice that a\{n:^ J for C„ is identical with cta(^^^^ J for i?„ if wc set c(2e„) = 
2c(e„). The geometric values of the parameters are as follows (§2.13 in [IS]): 

(1) 3 = sp{2k + 2n), I = sp{2k) © C", C = (2, 4, . . . , 2p) ®0, k^p{p+ l)/2, 
$ = B„, c(ei - 62) = 2, c(e„) = 2p + 1; 

(2) = so{k + 2n), I = so(fc) ® C", C = (1, 3, . . . , 2p + 1) ® 0, fc = $ = B„, 
c(ei -£2) = 2, c(e„) =2p + 2; 

(3) = so{k + An), [= so(fc)®s/(2)"®C", C = (1, 5, 9, . . . , 4p + 1) (2)" e 0, 
k=ip+ l){2p + 1), c(ei - £2) = 4, c(e„) = 4p + 3; 

(4) = so(/s + 471), [ = so(fc)es?(2)"eC", C = (3,7,ll,...,4p + 3)®(2)"®0, 
/c = (p + l)(2p + 3), c(ei - £2) = 4, c(£„) = 4p + 5. 

For the partition A with content mc{i,j), Slooten's algorithm is the same as in 
the case c = 1. Also the analysis of the tensor product decomposition works in 
the same way as in the proof of Theorem 1 1 . . 1 1 for B„ and c = 1. (The argument 
there only uses Slooten's algorithm and the Weyl group of type Bn, and not the 
parameter function c.) The algorithm giving the nilpotent element e € g from the 
partition A with content mc{i,j), at geometric values of c, is again very similar to 
the one in [9l §4.4], and we skip the details. 

□ 
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